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ABSTRACT 



A theoretical analysis was made of the torque and the space har* 
monies of magnetomotiwe force produced by a square wave impressed voltage. 
The results of this analysis were then verified experimentally. 

With the motor wye connected without a neutral, a comparison of the 
characteristics produced by the squaure* voltage wave to those produced by 
a sinusoidal voltage wave shows little difference. With the neutrai. 
connected there was a decided increase in losses, noise and vibration. 

The writers wish to express their appreciation for the assistance^ 
and encouragement given them by Professor Orval H# Polk of the U, S, 

Naval Postgraduate School in this investigation* 
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1* Introduction. \ 

Tho squirrel cage induction motor has long been known for its rugged 
ness and reliability when operated on sinusoidal 7oltages. In response 
to a suggestion by the Bureau of Ships. Navy Department. Washington. D.C. 
an investigation of the effect of a square wave impressed voltage on a 
squirrel cage induction motor was undertaken at the U* S. Naval Post> 
graduate School. Monterey. California. The investigation was commenced 
in October 1958. 

The non*sinu8oidal voltage used was an approximation of a square 
wave such as that obtained from a* static inverter. A static inverter is 
a device which is capable of transferring energy from a direct current 
source to an alternating current load. The voltage used was obtained 
from a harmonic generator set. 

The analysis of the performance of induction motors operating on 
sinusoidal voltages is well known. ^ The purpose of l^is investigation 
was to determine tho effect of a square voltage wave upon the theoreti- 
cal torque-speed oharaotarlstlos and efficiencies of a squirrel cage 
induction motor and to compare these characteristics wl-Qi those obtained 

by operating the motor on sinusoidal voltages. 

% 

Tho investigation wqq. divided into two parts. The first part was 
a theoretical analysis of the torque producing magnetomotive forces 
set up by a ihree phase squarevave impressed voltage. 

Tho second part was to obtain speed-torque curves with both sinu- 
soidal and square wave impressed voltages so that a comparison of the 
speed-torque characteristics could be made. 

^Algor. The Nature of Polyphase Induction Machines. John Wiley 4 
Sons. 1951. 
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2* Thooretloal Analysis of Magna tomotiYa Foroa Waves* 

The torque producing phenomena of a three phase induotion motor run 
by impressing a square voltage irave per phase are determined by resolving 
a square wave into a series of sinusoidal waves by Fourier analysis*^ 

For a three phase motor the square- phase voltages must be displaced from 
eaoh other by radians* 

The Fourier analysis of the phase voltages Ea* £b and Eo gives t 

Ea ~ cot + ^ ‘ E \n 6ot + ^ (1^ 

Eb= i fe E sm .+£ S.K • j ( 2) 

£ - iL S\n (u)t+^)+ E 3 (wt+^)4- • ^ ^ n 33 



where E is the maximum voltage of the squeire vrave* and n is an odd 
Integer* Fig* 1 shows the phasor diagram of iiis voltages ‘Ourough the 
seventh harmonic* 




Fig* 1 Voltage Phasor Diagrams 



^Kerohner and Corooran, Alternating Current Circuits, Second 
Edition, John Wiley & Sons, 1944, p 141. 
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The third and odd multiples of the third harmonic line to neutral 

l,Z 

Toltages are in phase* Sinoe all 3n harmonics are in phase there will 
be no 3n harmonics in the line to line voltages* These 3n harmonic phase 
voltages impressed on a balanced wye. load will produce no 3n harmonic 
current unless a return path is provided through a neutral connection* 

Applying these voltages to a three phase wye connected motor with the 
neutral oonneoted* each harmonic voltage Bn will produce a current in 
the motor windings* These currents are given byi 
la'- 



where are the angles by which the currents lag the roltagee* 

To determine the mmf waves that are produced by these currents it 
is necessary to find the space distribution of current around the stator* 

^Kerohner and Corcoran, Alternating Current Circuits, Second Edition, 
John Wiley & Sons, 1944, pp 190192* 

^Fitzgerald and Kingsley, Electric Machinery, McGraw Hill, 1962, 
pp 256>259* 
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ABSvune a direct current applied to a double layer fractional pitch 
winding with one coil per pole per phase. Further assume the coil sides 
to have zero width. Let p be the coil pitch and ^ be the angular dis- 
placement around the stator in radians. Therefore, a plot of ampere turns 
versus^ for one phase appears as in Pig. 2. 




V r 



Pig. 2 Ampere Turns versus Angular Displacement 

This wavs may be resolved into a series of sinusoidal waves. 
Since P(')^ ) « -F(<»'l( ), the oosine terms will drop out and the series 
appear asr oo 

F m = L ' 



where 



:j!fL I Fu) ^ 
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This Is then brol(«n up into two integrals t 



Ok 



TT 




-Nl sinki^ d)S + 



N I s\'r\ VX 6,i 






1 -^ 



Integrating and substituting the limits i 



“«‘Tk 

% 

and 



for k ■ odd integer 



Qk ' O 



for k * even integer 




Pig, 3 Harmonios of Flux Waves 
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Pig. 3 shows tho first three hamonios obtained in this way. For a 
three phase machine the other Iwo windings will be displaced from this 



winding by—SJT’ *nd electrical radians. 

3 ^ 

Applying the same analysis to the other windings gives the mmf 
distribution for phases a. b and o ast 

F(t)a - sm3<> • • ♦ + sin (3) 

s\v>(V^)+ + 



For a distributed winding the mmf distribution for the fundeimental and 
third hamonio of one phase appears as in Fig. 4. These sinusoidal mmf 
waves are added to give the resultant phase mmf for each harmonic. 
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Th® distribution factor 






sm 



uk 



m 



5 sm 



SVTl 



wh®re 6 is the 



number of slots per pole per phase and m is the number of phases external 
to the maohlne* The space distribution of the mmf wa^es around the 
stator 1st 




FC'iX - S)lr\3ft- ^)+ ' • • 

Fa)c = KtiWi ■ ■ 

If the square wave alternating currents given by equations (4), 
(6) and (6) replace the direct current in the above equations, the 
general mmf expressions for the n^^ current harmonic and the space 
harmonic become t 

^ jsm (ncot-U^ few \<i) 




Xm Kp(<- Kd ^ j^ivo(^h6ot+>l^F— {iO 

TT k ^ ^ 



^Fitzgerald and Kingsley, Electric Machinery, McGraw Hill, 1963. 
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Trigonomatrio axpaniion of the equations gives i 

F«,U,= ^COi[W-V^(>jt + V^ - COS[W4.hCot-l«'l| (n) 

F(t,i)l>- |co3[kii-hwt+V'-2TrCI<ih^ 

-Co^.[k<thwt-k-2ir(l<^«)]j (18) 

Each equation represents two mmf waves sinusoidally distributed in space 
and. moving in opposite direotlons at radians per second* 

The three phase mmfs are added to obtain the resultant mmf wave* 

The combination of termjj containing “• will gives 

3/^ Cos (ki - ncot 4 k) 

when " an integer or zero* 

The combination of terms contalnin| +lT)Cjot)will gives 

« 3>/2 ^cos (kH+ Y\Lot-V) 

wh®B 5 an intager or raro. This la trua ainoa, for thaaa oondl- 

tions, the components are in phase and add directly* When ^ 

an integer or zero, the terms are 2JT radians apart and add to zero* 

3 
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Thus tho resultant mmf expression isi 

COS (i- bit 4-01.'^ “ Cs\ COS (S^i4 cot -J) 

+ Cli COS (7Ji-6ji+o<V Czi COS (2>^-3cotAr^') 
- C-J-^COS (S)^t3coty3^“ C .\5 CoS (^^4 5wt.~S) 
Css CoS (S^-'5oSt-^ ^)-‘C?S Cob 

+ Cn Cos C57 CoS 

■^Cnn cos (;7^-u;t+|)4 J. 



(ao) 



As pointed out preriously, the ramf •waves move at radians 

per second. Converted to revolutions per minute it beoanea - p" — — 

where f is the fundamental frequency and P is the number of poles, 

12.0 ^ 

The synchronous speeds of tho fundeimental oomponont of mmf is ' s - - -. r 
Then tho synchronous speed S vrhich tho various h sad harmonics 
tend to produce are shown in Table I, The plus signs denote rotation 
in tho forwaurd direction. The negative signs denote rotation in the 
opposite direction, 

TABLE I 

Speeds of the Various Harmonics in Terms of the Fundamental 
Speed S, 



h\ 


1 


5 


5 


1 


i 


4i 


0 


- Vs 




3 


0 


IS 


0 


0 




-5S 


0 


4S 




1 


^7S 


0 


-7VS 


4S 
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Equation (20) shows that the spaoe harinonlo of any ourrent 
harmonlo is reduced by the factor Values of K.f>V:and-K,ik 

are given in Tables II and III. By choosing the proper pitch and number 
of slots per pole the effect of spaoe harmonics higher than the third 
may be neglected.^ £y disoonneoting the neutral, the /third harmonic and 
multiples of the third harmonio spaoe fields are eliminated for wye 
windings. 

TABLE II 



Spaoe 

Haraonlo 



k 

1 

3 

5 

7 



Pitch Factor 




Pitch 




7/9 


4/6 


6/6 


.940 


.951 


o966 


.600 


.586 


.707 


.174 


.000 


.259 


.644 


.688 


.269 



Spaoe 

Harmonio 



TABLE III 

Distribution Factor 





Slots 


per 


Pole 


k 


6 


9 


12 


1 


• 966 


.960 


.958 


3 


.707 


.667 


.663 


6 


.259 


.218 


.206 


7 


• 259 


.177 


.167 



^Fitzgerald and Kingsley, Electric Machinery , MoGraw Hill, 1952, pp 196-201, 

■;r. ■„? if, 
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3. Theoretical Analyela of Torque. 

For the fvtndamental space Trave the majclmum torque^ of an Induction 
motor ist 

-E. . 



It, 






e; 



8 iv¥i T. +'^'RN (K,+Xxy 

where is the voltage applied to the motor , is the stator ohmic 
resistance^ X) * is the stator reactance and is the rotor reactance 
referred to the stator. This equation will apply to any time harmonic 
of order n, provided there is a rotating flux in the stator and an 
induced current in the rotor, both with the same frequency. The torque 
for the n'^^ voltage harmonic becomes t 



iTmaxIn-- -R,„ 



E,n 



The relation between the n^^ harmonic voltage and the fundamental 
voltage for a square wave ist 



1 


PI- 1 


P' 1 




1 


tml - 1 


n 1 




The ratio 


of the n"^^ voltage harmonic torque to the fundamental 


torque isi 










? 8 tt t 


Em K\ 


fR,’ + rx.-Hxo^ 


iTtrciyl , 


■?8 tt 







^Lawrence and Richards, Principles of Alternating Current Machinery, 
Fourth Edition, McGraw Hill, 1963, p 406. 
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Th.r.for. the torqu. «u..d tl» fi«h «d Meher ord.r h«rmoni». m.y 
be neglected# 
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4* Equipment. 

A harmonio generator aet oonsleting of a direct current motor and 
fire alternating current generators ooupled in tandem ims used to pro* 
duoe the desired voltage wave* At rated speed of 3600 revolutions per 
minute ths generator produced 60* 120* 180* 300 and 420 oyole* three 
phase alternating voltages* The stators of the harmonio generators can 
be rotated so that the harmonio voltages may be shifted in phase* The 
three phases of ths sixty oyole generator were wye oonneoted* The 160 
oyole generator produced phase voltages that were displaoed 120 degrees 
from eaoh other* Therefore it was neoessaiy to use phase shifters to 
put these voltages in phase with one another* In order to get the proper 
voltage* a delta*wye oonneoted trfinsformer was used to boost the voltage 
input to the phase shifters* (See Fig* 6) Transformers were used to 
boost ttio 300 oyole voltage* “ftro phases of the 300 oyole generator were 
reversed to obtain a negative sequence of voltages* 

The phases of eaoh hai*mO]^io< -generator were oonneoted to a switoh* 

V'" s:- • 

board where they could be placed in series or removed from the circuit* 
The switchboard allowed any oombination of generators to be placed in 
series* 

The motor used in Uie experimental work was an ELECTSO DYNAMIC 
one horse-power* four pole* squirrel oage induction motor* rated at 
220 volts* 60 cycles* 40°C rise* continuous duly* The windings are 
inter-oonnected externally and the coils have a 7/9 pitoh with three 
slots per pole per phase* This motor was designed for s tudent use in 
the study of winding oonneotions* The large number of external 
connections gives a larger winding resistance than would be expected 
in a commeroial motor* 
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The motor was coupled to a KDfBALL ELECTRIC 2KVT, 126 volt direct 
current generator wilJi a quick-break coupling. The generator was separ 
ately excited. 

Two GENERAL RADIO wave analyzers (MOD 736-A-) were used to measure 
the relative magnitudes of the harmonic voltages and currents, 

A DUMONT dual beam cathode ray oscilloscope (Type 279) was used to 
observe the phase relationships between harmonic voltages so that a 
square voltage wave could bo maintained for all loeids. 
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6, General Procedure 

All wattmetersi roltmeters, and ammeters were calibrated using 0*1^ 

'V 

secondary standards. Also a oheok of the Instruments was made at 
different frequencies to determine frequency erros. The speed of the 
harmonic generator was kept at 3600 revolutions per minute by using a 
stroboscope connected tc the local commercial power supply. A motor 
field rheostat was used to control the speed of the haxmonio generator 
set. 

The tcrque output of the induction motor was determined by measur- 
iixg the power output of the direct current generator loaded by a resist- 
or bank. The direct current generator field current was held constant. 
The. stray power was then determined for this field current. The brush 
and copper losses in the armature were determined by applying different 
voltages to the armature with the armature blocked. Graphs of these 
losses and the voltage versus oxirrent are shown in Fig. 6. 

The wave shapes of the motor voltage and current were determined 
by the wave analyser and the cathode ray oscilloscope. The phase 
angles of the haimonic components were determined from the £wave form 
displayed on the osoillosoopeo The ^lagnltudes of the harmonic oom- 
ponents were determined by the wave analyzer. To obtain the current 
wave forms, identical resistors were placed in each line and the wave 
analyzer and oscilloscope were connected across -these resistors. 

With the neutral connected, the third harmonic current was measured 
by placing an ammeter in the neutral line. A check of -the rootHoaean- 
square voltage cuxd current was obtained from -the voltme-ter and asneter 
readings. 

The speed of the induction motor was de-bermlned by use of a ohrono- 
metrio taohome-ter. Hie po-trer input to the motor -was measured by placing 
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wattmatar in each phase 
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6« Experimental Results 

A test run was made on the motor using an approximation of the 
square voltage wave (Fig. 7) with the neutral not connected. Since the 
motor was rated at 127 volts per phase the root-raoan-square value of this 
wave was adjusted to this value. This was accomplished by setting Ei“117p 
E3*39, £5=23,6, and £7 = 16,7 volts root-mean- square. Thus the root-raean- 
square voltage of the wave was 1 



The wave shape and root-mean- square magnitude were held invariant 
during loading. For this run there was negligible third harmonic cur- 
rent, The fifth €uid seventh harmonic currents remained almost constant 
at 0,4 and 0,2 amperes respectively, Rtms were then made at 117 volts 
and 127 volts per phase with a sixty cycle sinusoidal voltage, A. com- 
parison of tiiese three rxms is shown in Fig, 8, It is seen that the 
effect of the harmonics was negligible, ioe,, only the 117 volt funda- 
mental voltage is effective in producing torque. 

Due to the poor voltage -regulation characteristics of the harmonic 
generator sat, the line current was limited to five amperes maximum, 
hence the speed- tor quo curves obtained are limited to values between 
1500 and 1800 revolutions per minute. 

The noutrhl was then connected to determine the effect of the 
third harmonic current on the motor torque and efficiency. First a run 
was made with only the fundamental and third harmonic voltages. This 
gave a root-maan-square voltage of 123 volts. Next a run was made with 
the fifth and seventh harmonics added. The two runs produced the same 
torques and efficiencies. The results are shown in Fig, 9, 
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With •ttils neutral oonneotion, a great torque was produced than with 
the 117 volt fundamental alone, also there was a marked decrease in 
efficiency, (Fig* 9). However at a speed of about >1600 revolutions per 
minute the fundamental plus third harmonic torque curve crosses under 
that of the 117 volt fundamental torque curve. 

The cause of this reduction in torque is shown in Fig, 10, Both 
curves are a plot of fundamental current versus jppeed. In one case only 
the, fundamental voltage of 117 volts is applied to the motor, while in 
the other a fundamental voltage of 117 volts plus a third harmonic volt- 
age of 39 volts is applied with the neutral connected. Comparison of 
those two curves shows a decided decrease in fundamental current at 
about 1600 revolutions per minute when the third harmonic is present, 

Ihis decrease in fundamental current causes a decrease in the fundamental 
torque and is the reason for the cross-over shown in Pig, 9, 

To test the analytical result expressed in Equation (20) that the 
third harmonic produces equal magnitude fields rotating In opposite 
directions, the motor was run on the third harmonic voltage alone. Since 
the third harmonic produced no starting torque, it was necessary to start 
the motor with the fundamental and then to switch off the fundamental 
leaving the motor running on the third harmonic voltage. It was possible 
to keep the motor running in e ither direction. 

With a third harmonic voltage of 43 volts, the no-load speed was 
1764 revolutions per minute. This indicated that tha synchronous speed 
of the motor for the third harmonic is 1800 revolutions per minute. 

By touching the shaft lightly the motor could be stopped© 
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7, Conclusions 



In this investigation, the operating characteristics of a throe 
phase squirrel cage induction motor run on a square wave voltage are 
compared to the operating characteristics when run on a sinusoidal volt- 
age, Theoretical and experimental analyses were made. The conclusions 
from the theoretical and experimental analyses for the sajae conditions 
agree remarkably wells 

By connecting the stator windings in wye without a neutral, the 
third harmonic and multiples of the third harmonic stator cvirrent are 
eliminated. With this connection the torque and efficiency for the motor 
are, for practical purposes, the same as that produced by the funda- 
mental sine wave component of the square wave. This small change in 
efficiency indicates that the higher harmonics do not appreciably in- 
crease the core losses. There is no noticeable increase in the noise 
or vibration of the motor, 

TiHth the neutral disconnected, the maximvim value of the square wave 
phase voltage (Bg-w) will be related to the root-msan-square value of the 
sine wave phase voltages as follows i 



That is, to obtain the same performance, a ractor rated at 127 volts per 
phase should be operated on a square wave phase voltage of 141 volts. 
Since the effect of the higher harmonics is negligible, the torque and 




so that I 
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©ffioioncy of the motor can bo obtained by normal sinusoidal analysis 
using the fundamental component of the square wave voltage. 

If the neutral is connected, the third harmonic and multiples of the 
third harmonic current will be present. The third harmonic current causes 
a decided increase in noise and vibration as slip increases. The third 
harmonic current produces a small increase in torque, however the copper 
losses of the motor are greatly increased. This increase in losses would 
require a larger motor for a given rating, therefore operation with the 
neutral connected is not desirable. 

There are several items v/hich wore not investigated because of the 
lack of time or equipment that might require future investigation! 

(a) The starting torque charaoteris cics, 

(b) The effect of the harmonic of the voltage wave which 
corresponds to the mmf harmonic caused by the tooth and slot combinations, 

(o) The operation of a motor on the actual voltage output from 
a static invertor. 
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SCUEMATIC DIAGRAM OF CIRCUITRY 
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Figo 7 Voltage Wave Shape 
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Kigali Harmonic Generator Set 
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Fig. 12 Induction motor and D-C Generator 
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